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■ Abstract. The enumeration of points on (or off) the union of some hnear or 

afHne subspaces over a finite field is dealt with in combinatorics via the character- 
istic polynomial and in algebraic geometry via the zcta function. We discuss the 
basic relations between these two points of view. Counting points is also related to 
the ^-adic cohomology of the arrangement (as a variety). We describe the eigen- 
\^ I values of the Frobenius map acting on this cohomology, which corresponds to a 

. finer decomposition of the zeta function. The ^-adic cohomology groups and their 

^ I decomposition into eigenspaces are shown to be fully determined by combinatorial 

. data. Finally, it is shown that the zeta function is determined by the topology of 

^ ' the corresponding complex variety in some important cases. 



> , 

, 1. Introduction 

CN ' This paper is concerned with subspace arrangements over general (in particular 

^ ■ finite) fields, and with their enumerative and cohomological invariants. In this in- 

, troduction we will summarise the main results. We begin with a review of some 

^ I algebraic geometry. 

^ ■ Let V he a li- dimensional projective variety over the field Fg of order q = •p'^ . (We 

. will not assume that a variety is irreducible.) For each extension field F^s, s > 1, 

^ ! let Ng be the number of points on V over F^s . The zeta function of V is the formal 

j>I \ power series 

Z(l^;t)=expfViV,- 
Let £ be a prime number, £=|= p, and the field of £-adic numbers. Let H^V, Q^) 



be the ^-adic etale cohomology groups of Grothendieck [p4| , p4|, |G5|] . These are 
finite-dimensional vector spaces over Q^, a field of characteristic zero. Furthermore, 
H'{V, Qi) = unless 0<i<2d. 

The Frobenius map F: V ^ V, defined by (xi, . . . , x„) ^-H> (x?, . . . , xD, induces 
a linear action F : H\V,Qe) H'{V,Qe) for each < i < 2d. Let Oij be the 
eigenvalues of this map. The Grothendieck-Lefschetz fixed point formula ||G5|| implies 
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that Nf. = J2i ji~^y^i,jy which is equivalent to the following decomposition of the 
zeta function: 

Note that Pi{t) G Qe[t], and this polynomial might, seen a priori, depend on i. 
However, this is not the case and the coefficients of Pi{t) are in fact algebraic integers. 
Deligne |pi| | showed that \aij\ = g*/^ if V is smooth. 



In this paper we determine the polynomials Pi{t) for the case when is a union 
of linear subspaces. It turns out that Pi{t) is then determined by combinatorial data 
in the following way. 

Let A = {Ki, . . . , Kt} be an arrangement of linear subspaces in projective {n — 1)- 
space over Fg, and let Vji denote their union (a singular projective variety). Let 
La denote the partially ordered set of all nonempty intersections Ki-^ fl ■ ■ ■ fl Ki^ , 
1 < ii < ■ ■ ■ < im < ordered by reverse inclusion. Let f3f-' denote the rational i-th 
Betti number of the (simplicial) order complex homology of the subposet {x G La \ 
j < dim(x) < n — 1}. 

Theorem 1.1. For the union of a d- dimensional projective subspace arrangement 
A over ¥q we have 

d 

Pi{t) = l[{l-qHY^-'^ . 

j=0 

The formula can be seen as a sharpening or Frobenius-equivariant version of a 
recent formula for if*(VCa, Q^) due to Yan ||Ya|| . Theorem |L1| will be proved with 



a cohomological argument that is valid for arbitrary fields. In particular, a unified 
setting will be given for earlier results such as Yan's theorem and the complex version 
of Ziegler and Zivaljevic [EZ . 



One can also consider £-adic cohomology and eigenvalues of Frobenius on the 
complement (rather than the union) of a projective arrangement. Or one could 
consider these questions for arrangements of affine subspaces of affine ra-space over 
¥q. Of the four possible combinations, affine/projective and union/complement, we 
have chosen here to concentrate on unions in the projective case and complements in 
the affine case. Formulas covering all cases, and also punctured affine arrangements, 
are given in the paper. 

We will now state the result in the affine case. Let A be an arrangement in 
_ jpn union Va and complement Ma = \ Va- Let aij be the eigen- 
values of the induced Frobenius map on £-adic cohomology with compact supports 
F : Hi{MA,Qe) HI^MaM- Let Piit) = Y{.{1 - aijt) as before. Let /3f = 
^/3j(0,x), where /3j(0,x) denotes the i-th rational Betti number of the order com- 
plex homology of the open interval (0, x) in La, and the sum is over all x G La such 
that dim (a;) = j. 
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Theorem 1.2. For the complement of a d- dimensional affine subspace arrangement 
A over Wg we have 

d 
j=0 

A corresponding decomposition of if*(Myt, Q^) without the eigenvalue information 
was given by Yan [|Ya[] , and in the real case earlier by Goresky and MacPherson [pM . 
For the special case of hyperplane arrangements Theorem |L2| specialises to say that 
Frobenius acts on iJ*(Myi, Q^), for n < z < 2n, with only one eigenvalue, namely 
q^~'^, and for all other i these cohomology groups vanish; a result earlier obtained by 



Lehrer |[Le|| (see also Kim |[Ki|| ). 

The paper is organised as follows: Some definitions and facts about subspace ar- 
rangements and the combinatorics of intersection semilattices are reviewed in Section 
2. In Section 3 we discuss counting points on (or off) subspace arrangements over 
finite fields. Some formulas relating zeta functions to the characteristic polynomials 
of intersection semilattices are given along with some related facts. The proofs of 
the main cohomological results outlined above are given in Section 4. Specifically, 
Theorems |1.1| and |1.2| appear as part of Theorems ^4.8| and |4.9|. For arrangements A 



defined by forms with integer coefficients we can consider both the arrangement Ag 
over ¥g (g = p"), obtained by reduction modulo p, and the complex arrangement Ac. 
In the final section we discuss connections between the zeta function of Aq and the 
Betti numbers of Ac, showing that in some important cases they mutually determine 
each other. 

Valuable conversations with P. Deligne and K.S. Sarkaria are gratefully acknowl- 
edged. 



2. Preliminaries 

Let F be a field. By an affine subspace arrangement we mean a finite collection of 
affine subspaces in F". Similarly, by a projective subspace arrangement we mean a 
finite collection of linear subspaces in projective (n — l)-space FP"~^. An arrange- 
ment of either kind is essential if the intersection of all subspaces is empty. An affine 
arrangement is called central if all subspaces contain the origin. There is an obvi- 
ous one-to-one correspondence between central arrangements in F" and projective 
arrangements in FP"~^. An arrangement (of either kind) is d-dimensional if d is the 
maximal dimension of one of its subspaces. 

For an arrangement A = {Ki, . . . , Kt} we denote by Va the variety i^i U ■ ■ • U Kf. 
Also, we let La = {Ki-^ fl ■ • • fl Ki^^ 0} be the intersection semilattice, the family 
of all nonempty intersections of subarrangements ordered by reverse inclusion. The 
semilattice has a least element (equal to the whole space F" or FP"'"^, as the 
case may be), and if A is central (or equivalent to a central arrangement) then there 
is also a greatest element 1 (equal to Ki H ■■■ H Kt) . 

We refer to |B][] for a general introduction to the theory of subspace arrangements. 
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Let P be a poset (short for "partially ordered set" 
[x,y] = {z & P \ X < X < y} and {x,y) = {z & P 



and x,y ^ P,x < y. Then 
X < z < y} are the closed 



and open intervals. Also, for p G P let P<p resp. P<p be the subset consisting of 
those elements of P which are less than p (resp. less than or equal to p). We assume 
familiarity with the Mohius function ^{x,y) of P, see [ p2| . 

With a poset P we associate its order complex A(P) consisting of all chains 
xq < Xi < ■ ■ ■ < Xk- This is a simplicial complex, so we obtain (simplicial) ho- 
mology groups Hi{P) = Hi{A{P);Z), Betti numbers Pi{P) = rankzi?i(P), Euler 
characteristic x{P)y etc. 

A tilde will always denote reduced homology (Betti numbers, Euler characteristic): 



Hi,(3i,x- Recall Ph. Hall's theorem [||, p. 120]. 



(2.1) 



Kx,y) = x(A(x,y)), 



for all X < y in P. 

We will sometimes use the following arrangements, the "/c-equal arrangements of 
type A, B and D" [pL| , pSag] , P We|| , to provide examples: 



X. 



«2 



Xik \ l <ii < ■ ■ ■ <ik <n} 
■ ■ = SkXi^ \ l <ii < ■ ■ ■ < ik <n,ei e {+1, -1}} 



X 



jk-i 



I 1 < ji < ■ ■ ■ < jk-i < n}. 



3. Characteristic polynomial and zeta function 

In this section we will develop some of the basic facts about counting points on 
(or off) arrangements over finite fields. The tool for this in combinatorics is the 
characteristic polynomial of the arrangement and in algebraic geometry the zeta 
function. We will make the relationship between these notions explicit and prove a 
few related facts. 

The following is a version of the combinatorial "principle of inclusion-exclusion" . 

Proposition 3.1. Let {Hi}i(zi be a family of subsets of a finite set E. Let L be the 

semilattice of nonempty intersections of subfamilies, ordered by reverse inclusion. 
Then 

card j — iJi j = /i (O, x) card(a:;). 
\ iei / xeL 

PROOF: For each e G -E let Xg be the intersection of all Hi containing e. If e G 
Hi for some i E I, then Xe=|= and the right hand side will count e altogether 
J26<x<xe /i (O, x) = times. Otherwise, Xe = and e will be counted (O, O) = 1 
time. □ 
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For an affine arrangement A in F" let 
(3.1) PAt)= $^/x(0,x)t'i'-(^) 

define the characteristic 'polynomial of A. Such polynomials have long been studied 
for hyperplane arrangements [PT| , |Za|l and for other graded posets |^2|| ; they were 
generalised to subspace arrangements in PL |. 

Proposition 3.2. Let q be a prime power, and let A be an affine subspace arrange- 
ment in ¥g. Then: 

Pj,{q) = card (F^ \ Vj,) . 
PROOF: If X is an affine subspace then card (x) = gdim(x)^ 

this is a special case of 

□ 



Proposition 3.1 



Remark: This result is well-known for hyperplane arrangements, see the "critical 
problem" in | |(JK|| and also ||U'1| , p. 51]. The extension to subspace arrangements 
has independently been found by Athanasiadis |At|]. A similar result (in a somewhat 
different setting) appears in Blass and Sagan |[B1S |. 

Now, let Abe a. projective arrangement in FP*^"^ and define 



(3.2) 



Plit) = 5^ (0, a;) (1 + t + + . . . + tdim(.)) _ 
xeLji 



Proposition 3.3. Let A be a projective arrangement m F^P" . Then: 

PXiq) = card {¥,F^~' \ Va) . 
PROOF: This follows from Proposition |3.1| , since card (x) = 1 + g + • ■ ■ + for 



projective subspaces x. □ 
Note that for projective A, if A is the corresponding central arrangement in F", 
then 

(3.3) P;^(t) = (t-l)Pl(t). 

This follows from the preceding propositions, since every point in the complement of 
A corresponds to g — 1 points in the complement of A. 

We will call -P^(t) the reduced characteristic polynomial of a projective arrange- 
ment A. Its coefficients are (up to sign) the reduced Euler characteristics of the 
j-truncations of the intersection semilattice Lji, defined by 

L^^ = {xeLA\ {0} I dim(x) > j}. 
Proposition 3.4. Let P^(t) = Y.]Zi CjP ■ Then Cj = -x (^Lj^^ 



-Cj. 
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PROOF: Relations ( pTID and (|3]|) imply that 

dim(z)>j 

□ 

It follows from the definition that the characteristic polynomial of a dimensional 
afiine arrangement in has the structure 

(3.4) Pj^it) = Co + cit + ■ ■ ■ + Cdf^ + t", with q < 0. 

Similarly, the reduced characteristic polynomial of a d-dimensional projective ar- 
rangement in FP""-*^ has the structure 

(3.5) P^(t) = Co + Cit + --- + Qt'^ + t'^+^ + --- + r-\ withcd<0. 

Hence, there are only d+1 essential coefficients Cq, . . . , Q in each case. 

Example: The 3-equal arrangement A = Aq^^ gives for its 4-dimensional affine 
version 

P^(t) = -26^2 + 45t^ - 20t^ + f, 
and for its 3-dimensional projective version 

PXit) = 26t^ - + + 1\ 

Let A be an affine subspace arrangement in F^, for some prime power q. Consider 
the field extensions ¥g C F^s C Fg, where Fg denotes an algebraic closure of ¥g. 
Then A can also be considered as an arrangement in F^, defined by equations with 
coefficients in Fg, and its intersection with F^s for all the intermediate fields is well 
defined. 

For arbitrary subsets X C F^ define the zeta function of X as the formal power 
series 

Z{X; t) = Zg{X; t) = exp card [X n F^.) ^ j . 

The analogous definition is made in the projective case of the zeta function for 
subsets X C FgP"-^: 

Z{X; t) = Zg{X; t) = exp [ ^ card {X H Fg.P""!) ^ 

\s>l 

The following lemma will be useful. It is no doubt well known but we lack an 
appropriate reference. 

Lemma 3.5. If P{t) = E'^^.c.P, i/^en exp (E,>i W)^) = 11 -=0 (1 " ?'^)~'' • 



PROOF: Taking the logarithm and the derivative of both sides reduces the identity 
to the summing of a linear combination of geometric series. The constant lost by 
taking the derivative is determined by putting t equal to 0. □ 
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There is the following connection between characteristic polynomials and zeta 
functions. 

Theorem 3.6. (i) Let A be an affine arrangement in F^, with characteristic poly- 
nomial PA{t) = YTj=Q^3'^'' ■ Then 

n 

(ii) Let A he a d-dimensional projective arrangement in ¥qF"-~^, with reduced char- 
acteristic polynomial P^(t) = ^"=0 '^i^"' - Then 



ZiVA;t) = l[{l-qH) 



c, — 1 



PROOF: Note that the intersection semilattice of A is the same over all fields ¥qs (cf. 
the proof of Lemma ^.11) . Hence, part (i) is an immediate consequence of Proposition 



j2] and Lemma 
Similarly, for part (ii) Proposition |3]^ gives 

STl "1 

card [Vj, n F,.P"-i) = - P\ (q^) = ^^(1 - c,)q^^ . 

Now, by (|3.5| ) we have that cj = 1 for j = (i + 1, . . . , n — 1. Hence the result follows 
from Lemma □ 
The zeta function for the union of a li-dimensional projective arrangement can 
because of Proposition |3.4| also be stated in this form: 



(3.6) Z{Vj,-t) = l[{l-qH) 

j=0 



It is known from the work of Dwork [Pw|| that the zeta function of any affine 
or projective variety over is a rational power series with coefficients in N. In 
the theory of formal power series there is a slightly stronger concept. A series is 
called N-rational if it can be produced from N-polynomials by finitely many times 
applying the operations of addition, multiplication and quasi-inverse (this is defined 
as / + + + . . . for series / such that /(O) = 0). The point is that subtraction is 
never allowed. See Eilenberg and Reutenauer |[Re|| for more about this concept. 
Reutenauer points out that it follows from the work of Deligne ||D1|| that the zeta 



function of a smooth variety is in fact N-rational. The same can be said about the 
zeta functions considered here, indeed Reutenauer's observation is true without the 
assumption of smoothness. 

Theorem 3.7. The zeta function of any algebraic variety X defined over the finite 
field ¥g is N-rational. 
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PROOF: A theorem of Soittola ||So|| says that a rational series with coefficients in 
N is N-rational if it has a real pole a > such that > a for all other poles 
/3. Assume ffist that X is absolutely irreducible, i.e., is irreducible over an algebraic 
closure of Fg. Then the estimate by Lang and Weil ||LW| , Theorem 1] gives that the 
number Ng of points of X over an extension field of cardinality q'^ fulfills a uniform 
estimate \Ns — q'^^\ < 0{q''^'^~^^'^^), where d is the dimension of X. This gives that 
Z(X; t) — 1/(1 — qH) is holomorphic in the disc \t\ < q^^"^^^, and hence all the poles 
of Z{X; t) except q~'^ have absolute value larger than q~'^. 

In the more general case when X is irreducible but not necessarily absolutely 
irreducible, the functions on X algebraic over form a finite extension field Wgn. As 
then X has points over a field F^m only if n\m we see that Z{X; t) = Z{X'; t"), where 
X' is X considered as a variety over F^n. Since the substitution t v-^ preserves 
N-rationality we reach the conclusion also in this case. 

In the most general case we note that the zeta function is multiplicative over 
disjoint unions of subvarieties and that any variety is the disjoint union of finitely 
many irreducible varieties. □ 

Remark: Instead of using the result of Lang- Weil we could have made an appeal 
to Deligne's theorem. However, the former predates the latter and is considerably 
more elementary. 

It is a well known fact for affine and projective hyperplane arrangements, originally 
due to G.-C. Rota, that the coefficients of the corresponding characteristic polynomial 
"alternate in sign", meaning that CjCj+i < for all j, cf. [^, p. 126]. This has via 
Theorem |3.6| consequences for the structure of the zeta function. We will now show 
that the same is true for certain subspace arrangements. 

Let us say that an intersection semilattice Lji is hereditary if whenever x G Lji\{0} 
and dim(a;) > there exists y G Lji such that y > x and dim{y) = dim(x) — 1. We 
will say that Lji is mod-2-pure if either all maximal chains are of even length or all 
maximal chains are of odd length. We will consider the concept of CL-shellability 
known, see pWl| , [BW2i for all details. 

Theorem 3.8. Suppose Lji is hereditary, mod-2-pure and CL-shellable. 

(i) // A is affine and d-dimensional with characteristic polynomial PA{t) = Yl'j=o 
CjP + then {-ly-^Cj < for all < j < d. 

(ii) // A is projective and d-dimensional with reduced characteristic polynomial 

nit) = Y.Ucjt' + E;=]+i^^ ihen {-if-^c^ < for all < j < d. 

PROOF: Suppose that all maximal chains in Lji are of even length. The case of odd 
length is handled similarly. 

(i) Let x=|= 0. The interval [0,x] is CL-shellable [ BWl , Lemma 5.6], and being 
hereditary implies that the length of any maximal chain in [0, x] has the same 
parity as dim(x). Hence, by [PW1| , Proposition 5.7] (— 1)*^'™*^^^// (O, > 0. 
Hence, (— l)-'cj > for all < j < n. Combine this with the fact ( |3.4| ) that 
Cd < 0. 
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ii) Let < j < d. The truncation Lj^ is CL-shellable because of being hereditary 



and [[BW2| , Theorem 10.11], and the length of any maximal chain in U {0} 



has the same parity as j 
5.7] and Proposition ^ {-iy+^x{L 
Finally, we know (|3.5| ) that Cd < 



Hence, by Hall's theorem 

in = (-1)^9 



1|), [[BWll , Proposition 
> for all < J < d. 



Remark: i) Examples of subspace arrangements covered by Theorem ^]8| are hyper 
plane arrangements, the fc-equal arrangements An^k and ^ for even k [ [BSag| , |BW1| 



and several of the orbit arrangements ^Ia shown to be CL-shellable by Kozlov [ [Ko 



ii) Theorem ^]8| is not true for general subspace arrangements. For example, take 
a planar arrangement A of two intersecting lines and two points not incident with 
these lines. In the affine version this has characteristic polynomial PA{t) = t^ — 2t — 1, 
and in the projective version we get P^{t) = —t — 2. Note that in these cases Lji is 
not mod-2-pure but has the other two required properties. 

iii) If the condition "mod-2-pure" is strengthened to "pure" (all maximal chains 
have the same length), then Theorem |3]^ would remain valid with "CL-shellable" 
relaxed to "Cohen-Macaulay" . The proof is similar, using well-known results about 
Cohen-Macaulay complexes. This version of the theorem would however not cover 
An,k and "Bn^k which are not in general pure. 



4. The Q^-cohomology of subspace arrangements 

We will now consider the computation of the cohomology of a subspace arrange- 
ment, and in particular its etale cohomology. Most of the results that we will prove 
are well-known in the case of an arrangement over the real or complex numbers, 
and are at least partially to be found in the literature (cf. ||Ya|| ) over a general field 
(including positive characteristic). The new contribution is that we keep track of the 
action of the Galois group of the base field, which has important arithmetic signifi- 
cance. As the general "philosophy of weights" (cf. |p3|| ) would predict, we can use 
the same argument to get the mixed Hodge structure in the complex result 
which seems to be new (except for the case of hyperplane configurations which is due 
to Kim ||Ki|| ) . In this paper we will also be concerned only with results on rational 
cohomology. In that case one can use the action of the Galois group (or the rational 
mixed Hodge structure) on cohomology to very quickly get to the desired result. 

As we are dealing with varieties over arbitrary fields (our main interest being the 
case of finite fields) we are forced to deal with etale cohomology of algebraic varieties 
instead of classical cohomology, since the latter make sense only over the real or 
complex numbers. Its construction is based on the realisation that to define the usual 
cohomology one needs access not to the topological space itself but only the category 
of sheaves on it. Though neither the topological space underlying a complex algebraic 
variety nor its category of sheaves can be constructed algebraically, a category with 
properties very similar to this category of sheaves can be constructed in a purely 
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algebraic fashion. In general this category is most definitely not equivalent to the 
category of sheaves on a topological space, and Grothendieck and his collaborators 
Qi | introduced an axiomatisation under the name of topos that covers both these 
new categories and the category of sheaves on a topological space. The category 
associated to an algebraic variety (or more generally a scheme) then goes under the 
name etale topos. Our technical results would be most naturally formulated in terms 
of toposes and diagrams of them, but in the interest of concreteness we will confine 
ourselves to algebraic varieties (and implicitly their etale toposes). 



Remark: It should be noted that in the case of a reasonable topological space the 
topological space itself can be recovered from the category of sheaves on it, hence 
not only is knowledge of the category of sheaves on a (reasonable) topological space 
enough to be able to compute its cohomology, it actually is equivalent to knowledge 
about the topological space itself. For the reader interested in details we can add 
that "reasonable" in this context means that every irreducible (not the union of two 
non-empty closed subsets) closed subset is the closure of a unique point - a condition 
almost always fulfilled in practice. 



The construction of etale cohomology is quite involved. The original work of 
Grothendieck and his collaborators ||D4| , |G4| , p4a| , |G5|| is still the only place where 



a detailed treatment of its technical properties can be found. The monographs |[FK | 
and ||M| are easier to approach, but deal mainly with the case of smooth varieties. We 
will make a thumbnail sketch of how the £-adic etale cohomology groups Hl^{X, Qg) 
that we shall use are constructed. 

The analogy between the etale topos and the category of sheaves on the space 
underlying a complex algebraic variety is a very close one, though there are some 
definite differences. The most important is that the "etale topology" is not fine 
enough to capture the ordinary cohomology with integer coefficients; one has to use 
finite coefficients. This is not an artifact of the etale topos but depends on the fact 
that one wants an algebraically defined cohomology. Consider for instance the fact 
that the first cohomology group, with integer coefficients, of C* := C \ {0} is Z. 
This refiects the fact that there is a non-trivial covering space of C* with structure 
group Z, given by exp: C — C*. As the exponential function is transcendental this 
makes no algebraic sense, whereas the first cohomology group with Z/nZ-coefficients 
describes covering spaces with structure group Z/nZ. In the case of C* these are 
described using n'th roots, which are eminently algebraic functions. One is therefore 
forced, to begin with, to work with cohomology with finite coefficients. In that case 
one obtains a theory very close to the classical topological one. In fact, a basic 
theorem ||G4a[ Exp. XVI, Thm. 4.2] says that for any algebraic variety X over the 
complex numbers and any finite group A we have a natural isomorphism of abelian 
groups Hl^{X,A) = Hli{X,A), where the subscripts cl (as in "classical") and et 
denote respectively the ordinary cohomology of the topological space underlying X 
and the etale cohomology. (This isomorphism is in fact induced by a map from the 
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topos of sheaves on the topological space of X to the etale topos and hence preserves 
supplementary structures such as cup products.) 

Having etale cohomology for finite coefficients one then defines, for an algebraic 
variety X over an algebraically closed field, Hl^{X, Z^), i a prime, to be the inverse 
limit Jim^ -ff^^.(X, Z/£"Z). Using the result above on equality of etale and classical 
cohomology for complex varieties X and the universal coefficient theorem, one then 
gets Hi{X, Ze) ^ H^iiX, Z) (g) Z,. If X is defined over a field F which is not alge- 
braically closed, then (using a not quite standard notation) we define Z^) to 
be the etale cohomology of X considered as an algebraic variety over some algebraic 
closure of the base field. The fact that X is defined over ¥ is then refiected in the fact 
that we have a natural action of the Galois group of F on Z^), of which we 
will see examples later on. Finally, we put if|^(X, Q^) := Hl^{X,Ze) (S)z^ which 
then is a finite dimensional vector space over the field Q^. We will also normally 
dispense with the et-subscript (the comparison theorem guarantees that confusion 
should only rarely result.) 

Remark: When the base field is not algebraically closed one may also consider the 
etale cohomology of X as a variety over the base field. That cohomology will be 
an appropriate mixture of the etale cohomology of X as an algebraic variety over 
an algebraic closure and the Galois cohomology of the base field. As we will not be 
interested in it we have chosen to use Hl^{X, Z^) to denote the object which interests 
us. 

If we consider an arrangement A of subspaces, Vji is by definition their union. If 
there are only two of them we would have the Mayer- Vietoris long exact sequence 
relating the cohomology of the arrangement, the two linear spaces covering it and 
their intersection. In the general case one gets a Mayer- Vietoris spectral sequence. 

The closest analogue of the Mayer- Vietoris long exact sequence would be a spec- 
tral sequence starting with an i?i-term. We prefer to start at the i?2-term which, as 
usual, is more intrinsic. Starting from a covering of an algebraic variety by closed 
subvarieties, one may consider the cohomology of these subvarieties and their inter- 
sections. It forms a diagram of abelian groups over the ordered set of intersections of 



covering subvarieties. (We will follow the convention of [|ZZ|| in that an ordered set 
is considered as a category with morphisms p q iS p > q, so that a diagram {Xp} 
over the poset has morphisms Xp —>■ Xq when p > q). The ii^2-term will involve the 
inverse limit and its right derived functors of this diagram, and we begin by recalling 
a standard way of computing such limits. 

Lemma 4.1 Let C be a category and F a diagram of abelian groups. Then the 
groups |im* F are the cohomology groups of the complex S*{F) whose i'th compo- 
nent is the product 



n 



fo fl fi-l 
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and whose differential is ttie alternating sum of the maps obtained by composing two 
subsequent morphisms and from the structure map /g : Fxq — ^ Fx^. 

PROOF: This is shown in PEHj . □ 

Lemma 4.2 Let {Xp} be a covering, closed under intersections, of an algebraic 
variety X by closed subvarieties. Let P be the poset of these subvarieties ordered by 
reverse inclusion. Then there is the Mayer-Vietoris spectral sequence 

(4.1) E'^^ = lim^H\Xp, A) W+^{X, A) 

p 

for any finite abelian group A. 

PROOF: Let ip-. Xp ^ X he the inclusion map. We may consider the complex 

> A > ipsfA > ip^:A > . . . 
p p>i 

of sheaves on X, where A is considered as the constant sheaf on X and on the 
subvarieties Xp. To show that this is an exact sequence it is enough to show that 
it is exact on all fibres. For a given point x G X the fibre at x of this complex 
is the (extended) cochain complex with values in A of the (abstract) simplex with 
vertices the set of those p for which x G Xp. The simplex being contractible, this 
is exact. Now, using that W{X,ip^,A) = H\Xp,A), cLS Zp IS cL closed embedding, 
and the spectral sequence of a resolution, we arrive at the Mayer-Vietoris spectral 
sequence. □ 
We will now apply this result to the rational cohomology of a subspace arrange- 
ment. For this we need to recall some known facts about the action of the Galois 
group on etale cohomology. The best control on the Galois action is obtained when 
one ignores torsion, so we will look only at etale cohomology with Q^-coefiicients (as 
defined above). It turns out that in positive characteristic the properties of this co- 
homology is quite pathological when i is equal to the characteristic of the base field, 
so from now on we will assume that the prime i is invertible in the base field. Fur- 
thermore, the properties of the Galois action on cohomology is simplest to formulate 
when the base field is finite, so for the moment we will make that assumption and 
let q denote its cardinality. Then the Galois group is topologically cyclic (meaning 
that it has a dense subgroup generated by one element) with a canonical generator 
called the Frohenius element. It is the inverse of the map which raises an element of 
an algebraic closure to its g'th power. 

Remark: Often it is this map itself rather than its inverse that is called the Frobenius 
element, in matters cohomological the present choice is the more suitable however. 
The situation is somewhat confusing since the definition of the Frobenius map in 
cohomology could appear to give the opposite impression. However, there is a subtle 
distinction between the g'th power as a generator of the Galois group of Fg, and 
the g'th power as an algebraic map on, for instance, affine space. More precisely, 
both induce actions on the cohomology of a variety defined over Fg and these actions 
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are each other's inverses. For a more thorough discussion of this relation see |P4| , 
pp. 76-81]. 

We have seen that the action of the Galois group on Q^-cohomology of a variety 
defined over is given by a single linear map, usually called the Frobenius map. As 
a first invariant of such a map one may look at the eigenvalues (defined over some 
algebraically closed overfield and counted with the multiplicity in which it appears 
as zeros of the characteristic polynomial). The following definition may look very 
strong. 

Definition 4.3 Let F be a linear map of a finite dimensional vector space V over a 
field of characteristic zero, and let q be a positive integer. 

i) F is said to be pure of weight n (wrt to q) if all of its eigenvalues are algebraic 
numbers, all of whose algebraic conjugates have (complex) absolute value cpl'^ . 

a) F is said to be mixed if V has a filtration by F-stable subspaces such that F 
is pure of some weight on each successive subquotient of the filtration (where the 
weight may depend on the subquotient). The set of the weights of these subquotients 
will be called the weights of F. 



Remark: i) The condition that all the algebraic conjugates of an algebraic number 
have the same absolute value is very strong. For instance, if one bounds the degree 
and the absolute value then there are only finitely many such numbers. This is seen 
by bounding the coefficients of the minimal polynomial, coefficients that are also 
integers. 

ii) It is implicit in the definition that the set of weights of a mixed linear operator 
is independent of the choice of filtration. This is obvious as the set of weights can 
be immediately read off from the eigenvalues of F. 

A deep result of Deligne ( |pia| , 3.3.8]) says that if X is smooth and proper (over 
a finite field of cardinality q) then its degree n Q^-cohomology is pure of weight n, 
and without any assumptions the cohomology is mixed. 

Example: i) Affine space is the simplest example, we have iJ°(A", Q^) = and 
the rest of the cohomology groups are equal to zero. The Frobenius map acts as the 
identity on this vector space and is hence pure of weight zero. 

ii) For the projective line we have if^P^ Q^) = 0, and if°(P^Q£) = Q^, with F 
acting again as the identity, whereas H'^{F^,Qi) is more interesting. As a vector 
space it is 1-dimensional. The Galois group of the base field acts by the inverse of the 
cyclotomic character. The cyclotomic character is the character of the Galois group 
for which an element a acts by multiplication by the £-adic number by which a acts 
on roots of unity of order any power of i. In particular, when the base field is finite 
(of cardinality q) the Frobenius element acts by multiplication by q on H'^{¥^,Qe). 
Therefore the weight is indeed 2. 

In general we denote by Qe{i) the 1-dimensional Q^-vector space on which the 
Galois group acts by multiplication by the i'th power of the cyclotomic character. 
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Then from the fact (which can be proved by some of the methods used in the clas- 
sical case) that the cohomology of A^-dimensional projective space is a truncated 
polynomial ring and the fact that the Frobenius map preserves multiplication, one 
sees that H'^^{¥^,Qi) = Qei—i) when i < N (and all other cohomology groups are 
zero), which confirms that it is indeed pure of weight 2i. 

iii) Let us consider the multiplicative group Gm := \ {0}. Then H^{Gm, Q^) = 
Q£(— 1) which is not pure of weight 1 but rather of weight 2. This does not contradict 
Deligne's theorem as G^, though smooth, is not proper. 

More generally, punctured affine space A" \ {0} behaves cohomologically as an 
odd-dimensional sphere with H^{hJ' \ {0}, Q^) = Q^, if^n-ij^^n y |q|^ q^) ^ Q^-^), 
and the other cohomology groups equal to zero. 

iv) One can also introduce etale cohomology with compact support, see below. 
Intuitively this is the reduced cohomology of the one-point compactification — only 
that this doesn't make sense in our setting since the one-point compactification, even 
if defined, is not usually an algebraic variety. For the affine spaces one has that there 
is only a single non-zero cohomology group for cohomology with compact support: 
fff (A",Q,) = Q,(-n). 

In all of these examples each weight was associated to only one cohomology group. 
In the case of projective space that follows from Deligne's theorem, in the others it 
seems to be more of an accident. In any case, they are all situations to which the 
following theorem applies. Before going into its formulation we want to comment on 
the cohomology of 1-point compactifications, which occurs prominently in the study 
of subspace arrangements. 

The 1-point compactification of a complex algebraic variety X need not be an 
algebraic variety. If one is interested only in its cohomology a substitute may be 
found, the cohomology with compact support. For this one chooses some realisation 
of X as an open subset of some proper variety j: X ^ X and then one considers the 
etale cohomology H^{X, j\A), where jiA is the sheaf on X that is equal to A on X and 
has fibre at all points of X outside of X ("the extension by zero"). This turns out 
to be independent of the choice of j and computes in the case that the base field is the 
complex numbers the reduced cohomology of the 1-point compactification. For these 
cohomology groups the notation Hl{X, A) is used. (Properly speaking we should also 
add the subscript et, as the cohomology with compact support makes excellent sense 
also in the classical case. In the interest of readability we will dispense with that.) 



There is now an analogue of the spectral sequence of Lemma [4.2| for cohomology with 
compact support, the proof is the same (the essential point is that when one embeds 
X as an open subset of a proper variety one gets at the same time a compactification 
of all the Xp by taking their closures in the compactification of X). 

Theorem 4.4 Let X be an algebraic variety that is the union of a family of closed 
subvarieties {Xp}, closed under intersection. Suppose that there is a function (p from 
N, the natural numbers, to subsets of the integers such that different numbers are 
taken to disjoint sets, and that the degree i cohomology of each Xp is mixed with 
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weights in (f){i). Then, with the notations of Lemma |4^, the spectral sequence of 
(loc. cit.) degenerates at the E2-term. The same is true if instead cohomology with 
compact support is considered. 

PROOF: Let us first assume that the base field is finite. If we can prove that i?2"' is 
mixed with weights in we are finished, since then all the differentials at the 



Ek-term, for k > 2, will be between spaces of disjoint weights. However, Lemma |41 
presents E2'' as a subquotient of spaces with weights in 

For the case of a general base field there are standard techniques for reducing to 
the case of a finite base field, for which we refer to for instance ||BBD| , 6.1] rather 



than repeating them here. Very quickly described, one first uses that base extension 
from one algebraically closed field to an algebraically closed overfield does not change 
cohomology to reduce to the case where the base field is finitely generated over the 
prime field. Then there is a specialisation to a finite field, which again does not 
change cohomology. □ 

Remark: i) The idea that one could use weights to show that spectral sequences 
degenerate is not new. One of its first uses can be found in [p2|| , where it is applied 
to the study of the cohomology of the complement of a divisor with normal crossings 
in a smooth and projective variety. However, there one is using the mixed Hodge 
structure on classical cohomology rather than the Galois action on etale cohomology. 
The arguments of (loc. cit.) were one of the major inspirations for our theorem. 

ii) The theorem applies to the cohomology (including cohomology with compact 
support) of an affine subspace arrangement, as there only the cohomology of affine 
spaces are involved and we have seen that they fulfill the required condition. It also 
applies to projective subspace arrangements, again the cohomology of projective 
spaces fulfills the condition. Another case is a punctured central arrangement, where 
one considers the arrangement minus a central point (this is the algebraic analogue 
of the spherical arrangement associated to a central arrangement over the reals). 

To apply this result to the various cases of subspace arrangements we need to 
compute the cohomology of some diagrams of abelian groups. Recall from Section 2 
the definition of the order complex A(P) of a poset P, and of subposets of type P<p 
and P<p. 

Proposition 4.5 Let P be a finite poset and let A be an abelian group. 

i) Let Q be an order ideal (i.e., a subset of P such that any element of P less than 
an element of Q is also in Q ), and let Ta,q be the diagram which is outside of Q 
and constant with value A on Q. Then we have a natural isomorphism 

lim^J^A,Q = H^{A{Q),A). 

ii) Let p ^ P and let J^A,p be the diagram with value A on p and elsewhere. 
Then we have a natural isomorphism 

lim^J^A,p = H^-\A{P<p),A). 
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(For this formula, recall that the reduced cohomology of the empty complex is A in 
degree —1 and otherwise.) 



PROOF: For part i) we simply use Lemma |4.1| , which shows that the higher inverse 
hmits can be computed using a complex which is also the cochain complex of A{Q) 
with values in A. As for ii), we have a natural inclusion J-'a,p ^ ^a,p<j,i whose 
quotient is Ta,?^^- Using the long exact sequence of higher inverse limits, part i) 
and the fact that A(P<p) is contractible, we immediately reach the desired conclusion. 
□ 

Example: i) Consider the cohomology of an affine arrangement A. The only non- 
trivial cohomology group of affine spaces is H^{—,A) = A, so the spectral sequence 
degenerates to the isomorphism H^{Va, A) = H^{A{La \ {0}), A). 

ii) If A is central we may remove the central point to get an arrangement of 
punctured affine spaces (in the real or complex case it is homotopic to the associated 
spherical arrangement). Again the condition of Theorem [4.4| is fulfilled. Furthermore, 
H^K-^Qi) is zero for i > and for i = 0, and H'^'-^{-,Qg) is Qi{-i) on i- 
dimensional elements of the intersection lattice and zero otherwise. This then is a 
direct sum of diagrams of the type considered in the proposition. Hence, letting 
P = Lj,\ {6} we get 

Iim^'i7°(-,Q^) = W{A{P),J}e) 
(^•2) ^^H^^-\-,Q,) = e,,^^^,^^-HA(P<,),Z)(8)Q,(-^). 

iii) If ^ is a projective arrangement, then H'^*^^{—,A) = and H^^{—,A) is the 
constant diagram on the elements of dimension greater than or equal to i. Thus, 
we may again use the proposition to compute the higher inverse limits and get the 
result 



(4.3) ^^H'\-,Qe) = H^{A{P^^),Z)Q^Qe{-t), 

where P = Lji \ {0} and := {p G P : dim{p) > i}. 

iv) Once more let A be an affine arrangement, but this time consider cohomology 
with compact support. As has been noted, we get a spectral sequence also in that 
case, and from the computation of the cohomology with compact support of affine 
space we get that H^*'^'^ {— , Qe) = and that H^''{—,Qe) is Qe{—i) on i-dimensional 
elements of the intersection lattice and zero otherwise. As in the central affine case 
we get 

(4.4) lim^fff(-,Q,)= iJ^-i(A(P<,),Z)(g)Q,(-2). 

dimp=j 

Even if one sticks to the case of the base field being the complex numbers there 
are advantages to considering diagrams of algebraic varieties. For algebraic varieties 
over the complex numbers there is an additional structure on its cohomology alluded 
to previously — its mixed Hodge structure. 
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To give the definition of tliis notion we first recall that a Hodge structure of weight 
n consists of a finitely generated abelian group and a decreasing finite filtration 
F"^ of Hi^C by complex sub-vector spaces such that F™, the complex conjugate 
of of (the complex conjugation being induced by that of the second factor in the 
tensor product), is a complementary subspace to Wg then recall |p2| , 2.3.1] 



that a mixed Hodge structure is a finitely generated abelian group Hz together with 
one increasing finite filtration Wp of sub-vector spaces of Hq_ := Hi^j^Q^ and one 
decreasing finite filtration F™ by C-sub- vector spaces of He '■= Hi C, such that 
for every i the filtration induced by on Wi/Wi-i (^C forms a Hodge structure 
of weight i. The class (with the obvious morphisms) of mixed Hodge structures 
form an abelian category. We also use the term set of weights of a mixed Hodge 
structure for the set of integers for which Wi 7^ Wi-i. If instead one looks at only a 
rational vector space Hq without a choice of Hz one speaks about a rational Hodge 
structure. 

Example: Let Z(i) be the mixed Hodge structure with Hz = Z, = H^2i-i C W2i = 
Q, and = F*+^ C F* = C ; and similarly for Q{i), a rational Hodge structure. This 
notation will be used to describe the mixed Hodge structures relevant to subspace 
arrangements after the next theorem. 

There is a very strong analogy between mixed Hodge structure and the action of 
the Galois group on etale cohomology. Parts of the analogy can actually be proven — 
for instance, if one considers the cohomology of a complex algebraic variety, then the 
filtration on rational cohomology induced from the Hodge structure coincides with 
the weight filtration with respect to the Galois action. We illustrate this analogy 
by giving another proof of the degeneration of the Mayer- Vietoris spectral sequence 
when the base field is the complex numbers. 

Theorem 4.6 Let X be a complex algebraic variety that is the union of a family of 
closed subvarieties {Xp}, closed under intersection. Suppose that there is a function 
from N, the natural numbers, to subsets of the integers such that different numbers 
are taken to disjoint sets, and that the degree i cohomology of each Xp has weights, 
with respect to its mixed Hodge structure, in 0(i). Then, with the notation of 
Lemma the spectral sequence of (loc. cit.) with Q-coefficients degenerates at the 
E2-term. 

PROOF: We first need to prove that the spectral sequence is a spectral sequence of 
rational mixed Hodge structures. For this we note another way of constructing it. 
Namely, we consider the simplicial complex variety sX, for which sXj is the disjoint 
union of the over the index set {iq > ii > ■ ■ ■ > ij} with the obvious structure 
maps. The spectral sequence (cf. |P24 5.3.3.3]) applied to the constant sheaf Z of 
this simplicial variety converges to the cohomology of X and has an Fi-term which 
is the standard complex for computing |im^{iy*(— , Z)}, and hence gives our spectral 
sequence from the F2-term on. According to ||D24 8.3.5] this is a spectral sequence of 
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mixed Hodge structures which becomes a spectral sequence of rational mixed Hodge 
structures when tensored with Q. 

If we can prove that £'2'"' is mixed with weights in we are finished, since then 
all the differentials ci^'"', for k > 2, will be between rational mixed Hodge structures 
of disjoint weights. However, Lemma iA presents £'2'^ as a subquotient of spaces 
with weights in □ 

Remark: We have the following computations of the mixed Hodge structure on the 
cohomology of affine space, puctured affine space and projective space, completely 
analogous to the action of the Frobenius on etale cohomology: 

/70(A",Z) = Z(0), 

/70(A"\{0},Z) = Z(0), 

i72n-i(A"\{0},Z) = Z(n), 

H^i{F'',Z) = Z(z), i < n. 

Hence the theorem may be applied to subspace arrangements. 

Having developed the necessary general tools, we now want to collect our results as 
applied to subspace arrangements over finite fields. In that case one extra refinement 
is possible which is given in the following lemma. 

Lemma 4.7 Let assumptions be as in Theorem \1.4^ and assume that the base field 
is finite. Then there is a canonical isomorphism between H*{X, Qi) and the E2-term 
of the spectral sequence. This isomorphism preserves the action of the fundamental 
group of the base field. 

PROOF: We may use the action of the Frobenius map to split up H*{X,Q£) as a 
sum of generalised eigenspaces under it. Since each such eigenspace occurs in just 
one row of the i?2-term we get the canonical isomorphism. □ 

Remark: It is not possible to conclude from what we have proven so far that this 
result remains true for a general field or has an analogue for mixed Hodge structures. 
The reason for this is that it would be possible for the extensions provided by the 
spectral sequence to be non-trivial, there are indeed non-trivial extensions between 
the Galois representations (resp. mixed Hodge structures) involved. It will be proved 
elsewhere that in the case of subspace arrangements these possibilities are not re- 
alised and in fact the isomorphisms of the theorem exist for Z^-cohomology (resp. for 
cohomology with its mixed Hodge structure). 

We now collect the various results obtained so far about the cohomology of unions 
Vji of subspace arrangements over finite fields. To simplify statements of formulas 
in this and the following theorem we introduce, just as in the classical case, reduced 
£-adic cohomology H*{X, Qi). This differs from ordinary cohomology for all varieties 
X only in one dimension, namely H°{X, Qi) = H^{X, Qi)/Qe when X is non-empty, 
and H~^{X, Q^) = when X is empty. 
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Theorem 4.8 Let A be a subspace arrangement over a finite field, d: Lj^ — > Z the 
dimension function of its intersection semilattice and P := Lji \ {0}. 
i) If A is an affine arrangement tlien we liave a canonical isomorphism 

which respects the action of the Frobenius map if it is assumed to act trivially on 
the right hand side. 

a) If A is an affine arrangement then we have a canonical isomorphism 

which respects the Frobenius action if it is assumed to act trivially on the cohomology 
of the order complexes A(P<p). 

Hi) If A is a central arrangement then we have a canonical isomorphism 

H*{Vj,\{0},Q,) = 0if*-^^(^)(A(^<p)) (8)Q^(-^(P)), 

peP 

which respects the Frobenius action if it is assumed to act trivially on the cohomology 
oftheA{P<p). 

iv) If A is a projective arrangement then we have a canonical isomorphism 
H*iVy,,Q,) - 0if*-2^-(A(P^^-))(g)Q,(-j), 

where P-^ := {p G P : d{p) > j}, which respects the Frobenius action if it is assumed 
to act trivially on the cohomology of the A{P-^). 

PROOF: This foUows from the resuhs 0, ^ and together with 
and 



Finally we also collect the consequences of our results for the cohomology of the 
complements of subspace arrangements over finite fields. 

Theorem 4.9 Let A be a subspace arrangement in a space of n dimensions over 
a finite field, d : L^l Z the dimension function of its intersection semilattice, and 
Ma the complement of the union Va- Furthermore, let P = La \ {0}. 
i) If A is affine we have canonical isomorphisms 

H:iMA,Qe) = 0iJ*-2'(^)-2(A(P<p))(g)Q,(-%)), 

when * ^2n and Hf'{MA, Qe) = Qei-n), and 

H\Ma, Q,) ^ 0^2n-*-2d(p)-2(A(P<p))(g)Q,(rf(p) -n). 
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ii) If A is projective we have canonical isomorphisms 

0<j<n 

when *^2n and H^'^{Mji,Q(,) = Qe{-n), and 

H*{Mj,,Qe)= ^2n-*-2,-i(A(P^^))(g)Q,(j-r2). 

0<jr<n 

All these isomorphisms respect the action of Frobenius if it is assumed to act trivially 
on the order complexes occurring in the right hand sides. 

PROOF: One enjoyable property of the cohomology with compact support is "addi- 
tivity" for a closed subvariety and its complement. More precisely, for a variety Y, a 
closed subvariety F and its complement U we have (cf. ||G44 Exp. XVll, 5.1.16.3]) 
a long exact sequence 

Hl{U,Qe)^ H'AY,Qe)^ Hl{F,Qe) ^ . . . , 

where the maps H^^{Y, Q^) Hl,{F, Q^) are the restriction maps. If we apply this to 
an affine arrangement, using the computation of the cohomology of afiine space as 
well as that of the union Vyi, we get that Hf'{MA, Q^) = //^^"(A", Q^) = Q^(-n) and 
that Hi{MA,Qe) = Hi-^{VA,Qi) for i ^ 2n. Now, Ma is a smooth variety and so 
we may apply the Poincare duality theorem | ]G4a| , Exp. XVIII, 3. 2. 6.1], which says 
that the cup-product W{MA,Qi) <^q^ H^''~'{MA,Qe) ^ iff(Myi,Q,) composed 
with the trace map H^"{MA,Qe) — > Qe{—n) gives a perfect pairing. This gives 
that H'{Ma, Qe) is canonically isomorphic to HI"--\Ma, Qi)* <^Qi{-n). Using this 
formula, the relation Hi{MA,Qi) = Hi-\VA,Qi) for i ^ 2n, Theorem [4.8(ii)| and 



the universal coefficient formula applied to the cohomology of the A(P<p), we get 
the first part of the theorem. 

As for the second, we consider again the long exact sequence of cohomology 
with compact support, using that for a proper variety it is equal to cohomology 
without compact support, so that we can use Theorem 4.8(iv)| . Now, it is clear 



that the restriction map H'^'(W"',Qi) H'^\VA,Qi) maps Qe{-i) to 1 (g) Qe{-i) C 
i7°(A(P-*)) (g) Qe{—i). This is evidently an injection when i < m, where m is the 
maximal dimension of subspaces in A, so the long exact sequence splits up into the 
desired isomorphisms for cohomology with compact support. Using duality gives the 
formula for cohomology without compact support. □ 

Remark: Analogs of the formulas in Theorems |4.8| and [4.9| for arrangements over the 
real and complex numbers were proved by Goresky and MacPherson [pM|| , Ziegler 



and Zivaljevic ||ZZ|| and others. Some of these formulas in etale cohomology version 



appear in the paper by Yan |[Ya[l , however without the decomposition into eigenspaces 
under Frobenius. 
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5. Arrangements over the integers 



In this section we shall be concerned with arrangements specified by integer forms. 
Let a Z,- arrangement {affine lesp. projective) mean an arrangement A = {Ki, . . . , K^} 
where each subspace is specified by a certain collection of linear forms (general 
resp. homogenous) with integer coefficients. Thus, a Z-arrangement is really a list of 
linear forms over Z partitioned into t groups. With a Z-arrangement A we associate 
on the one hand the complex subspace arrangement (affine or projective, as the 
case may be) obtained by interpreting the given Z-forms over C; and on the other 
hand the subspace arrangement Ag over the finite field obtained from the Z-forms 
by reduction modulo p, for arbitrary prime powers q — p'^- 

Remark: We could here equally well replace Z with an arbitrary number ring. 
Except for trivial notational changes nothing in the arguments to follow would need 
to be modified. 

Lemma 5.1. Let A be a Z-arrangement and p a prime. Let e be the identity map 
on the set of subspaces of A. Then the following conditions are equivalent: 

(i) e extends to a dimension-preserving isomorphism Lj\^ = Lji ; 

(ii) e extends to a dimension-preserving isomorphism Lj\^ = Lj^^^, for all a > 1; 
(in) rankcl^i, . . . , ig} = rankF^l^i, . . . , ig} for any collection ii, . . . ,ig of linear 

forms from A, containing for each subspace either all of its defining forms or 
none of them. 

PROOF: The impfications (n)=^(i)=^(in) are immediate. For (in)^(ii) one checks 
that the linear algebra in Fpc of the given forms (reduced modulo p) takes place in 
the subfield Fp. □ 
We shall call a prime p good with respect to a Z-arrangement A if it satisfies the 
conditions of the lemma, otherwise bad. Part (iii) shows that for a given A there is 
only a finite number of bad primes (these being the divisors of a finite collection of 
determinants in the fj's). In the special case when yi is a hyperplane arrangement 
condition (iii) can be expressed by saying that A determines the same matroid over 
C and over ¥p. 

Example: The /c-equal arrangements defined in Section 2 are Z-arrangements, and 
An,k has no bad primes, while !B„^fc and have the bad prime 2. 

Let yi be a d-dimensional projective Z-arrangement and q = p", where p is a good 
prime. Let Lji = Lj\^ = and Lj^ = {a; G Lji \ dim(a;) > j} \ {0}. Define 



These order homology Betti numbers of the j-truncated intersection lattices are 
possibly nontrivial only in the range 0<i<d — j<d. We will call the triangular 
array {P^'') the beta triangle of A. 



(5.1) 
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A formula of Ziegler and Zivaljevic | |ZZ] , Prop. 2.15] | |WZZ| , Coroll. 6.7], which is 
the complex analog of Theorem |4.8(iv)| , shows that 

d 

(3f := dimQ (V4c, Q) = E /^-2,, 

i=o 

1)1) we have that 



(5.2) 

and from formula 
(5.3) 



j=0 

Thus both the rational Betti numbers of the union of the complex arrangement Ac 
and the zeta function of the discrete arrangement Ag are governed by the same 
primitive combinatorial data, namely the beta triangle of A. 

Example: Here is the beta triangle {f^f-') of ^Ig.s iii the (i, j) Cartesian plane: 

20 

1 26 
1 10 10 
10 



It follows that ^6,3 has Betti numbers 
variety, and zeta function 



[1, 0, 1, 10, 11, 26, 20) as a complex 
-qH) 



{l-t){l-qt){l-qH) 



20 • 



as a variety over F„. Furthermore, from Theorem 1.1 we have that 



Po{t) 


= 1 - 


- 1 


Plit) 


= 1 




P2{t) 


= 1 - 


-qt 


Psit) 


= (1 


- qtr 




= (1 


-qtf^ (1 -g 


P^it) 


= (1 


-qt) 


Peit) 


= (1 


3jN 20 

-qt) 



We will now show that for an important class of Z- arrangements the Betti numbers 
I3f of the complex variety and the zeta function of the F^-variety determine each 
other. This is clearly not true in general. 

The intersection semilattice Lj\^ is said to be rationally Cohen- Macaulay if for all 
X < y in La = La U {1}, where 1 is a new top element, we have 



Hi{A{x,y), 



0, for all i < dimA{x,y). 
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This definition is via a theorem of Reisner equivalent to the Cohen-Macaulayness of 
the Stanley- Reisner ring of Lji. See Stanley for more about this concept. 

We will consider Z-arrangements A whose semilattice Lji is both Cohen-Macaul- 
ay and hereditary (defined in connection with Theorem 3.8). Then every maximal 
chain in Lji has the form xq > Xi > ■ ■ ■ > Xd > with dim(xj) = i for < 
i < d. Examples are all hyperplane arrangements, many of the orbit arrangements 
^Ia shown to the shellable by Kozlov ||Ko|| , and the arrangements corresponding to 



Cohen-Macaulay simplicial complexes considered in Bjorner and Sarkaria fBSar 



The following generalises the main result of [|BSar |. 



Theorem 5.2. Let A be a d- dimensional projective arrangement such that Lji is 
Cohen-Macaulay and hereditary, and let q be a power of a good prime. Then 

j=0 

where 6j = 1 if j is odd and = otherwise. 

PROOF: We will use the fact [^1] , Theorem III.4.5] that the truncated posets LJ^' are 
Cohen-Macaulay for all < j < d. Thus, the beta triangle {(3^'') has internal zeros, 
and ones along the i = boundary: 



i 



1, ifi = 0, 0<j<rf 
0, ifO<i<d-j 

Therefore formula (|5.2|) simplifies as follows for < j < d: 

if j = or j is odd 




j n^d i _j_ ]_ otherwise 



These two formulas imply 



y^(_l)i+i/5>'^-i = J f^2d-j - 1. if J is odd 
^ * ' —I32d-ji otherwise 



which because of formula (|5.3|) is equivalent to the theorem. □ 
Note that the rational Betti numbers /^^^.^ for < j < d appearing in the theorem 
are the only essential ones, since the structure of the beta triangle in the Cohen- 
Macaulay case shows that for < j < rf: 



if j is even 
otherwise 



The preceding proof hinges on the very simple structure of the beta triangle {I3f^) 
riven by the almost total vanishing of Betti numbers in the Cohen-Macaulay case. 
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The beta triangle has simphfied structure also for some other arrangements, including 
the fc-equal arrangements An,k and S„ fc, as we will now show. 

Let us say that an intersection semilattice Lji is mod-m-pure if the lengths of all 
maximal chains are congruent mod m. 

Theorem 5.3. Suppose that Lj{ is hereditary, mod-m-pure and CL-shellable. 
Then I3f^ = 0, unless i + j = d (mod m). 

PROOF: Let < j < c/. As in the proof of Theorem 3.8 we conclude that Lj^ is 
CL-shellable and mod-m-pure. Furthermore, since Lji is hereditary and dim^l = d 
there is in Lj^ a maximal chain Xj > x^+i > ■ ■ ■ > with dim(xj) = i for all 
j < i < d. Hence, all maximal chains of have lengths congruent to d — j (mod 
m), and by |[BW1 , Theorem 5.9] /3j-"' =|= is possible only if i = d — j (mod m). □ 



The intersection lattices of An,k and S„^fc satisfy these conditions with m = k — 2. 
The nontrivial part here is the CL-shellability, which was shown in [ [BW1|| and ||BSag | 
respectively. 

The material of this section has parallels in the affine case. The results come out 
in essentially the same way, and we will not repeat the arguments. 
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